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A note on homological mirror symmetry for
singularities of type D
Masahiro Futaki and Kazushi Ueda
Abstract
We prove homological mirror symmetry for Lefschetz fibrations obtained as dis-
connected sums of polynomials of types A or D. The proof is based on the behavior
of the Fukaya category under the addition of a polynomial of type D.
1 Introduction
Let n be a positive integer. An invertible n × n-matrix A = (aij)ni,j=1 with integer com-
ponents defines a polynomial W ∈ C[x1, . . . , xn] by
W =
n∑
i=1
xai11 · · ·xainn .
Note that non-zero coefficients of W can be absorbed by rescaling xi. A polynomial
obtained in this way is called an invertible polynomial if it has an isolated critical point at
the origin. The quotient ring R = C[x1, . . . , xn]/(W ) is naturally graded by the abelian
group L generated by n + 1 elements ~xi and ~c with relations
ai1~x1 + · · ·+ ain~xn = ~c, i = 1, . . . , n.
The bounded stable derived category of R introduced by Buchweitz [Buc87] is the quotient
category
Dbsing(R) = D
b(grR)/Dperf(grR)
of the bounded derived category Db(grR) of finitely-generated L-graded R-modules by its
full subcategoryDperf(grR) consisting of bounded complexes of projectives . This category
originates from the theory of matrix factorizations introduced by Eisenbud [Eis80], and
studied by Orlov [Orl04] under the name ‘triangulated category of singularities’. This
category is not necessarily closed under direct summands, and its idempotent completion
will be denoted by Dπsing(R).
The transpose of the invertible polynomial W is defined by
W ∗ =
n∑
i=1
xa1i1 · · ·xanin ,
which can be perturbed to an exact Lefschetz fibration with respect to the standard
Euclidean Ka¨hler form on Cn. Let FukW ∗ be the directed A∞-category defined by Seidel
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[Sei01, Sei08] whose set of objects is a distinguished basis of vanishing cycles and whose
spaces of morphisms are Lagrangian intersection Floer complexes.
The following conjecture comes from the combination of transposition mirror symme-
try by Berglund and Hu¨bsch [BH93] and homological mirror symmetry by Kontsevich
[Kon95]:
Conjecture 1.1. For an invertible polynomial W , there is an equivalence
Dbsing(R)
∼= Db FukW ∗ (1.1)
of triangulated categories.
Conjecture 1.1 is known to hold for Brieskorn-Pham singularities [FU]. Takahashi and
Ebeling [Tak, ET] studies Conjecture 1.1 from the point of view of the duality of regular
systems of weights by Saito [Sai98].
Recall that the polynomials of types An and Dn are defined by
f = xn+1
and
f = xn−1 + xy2
respectively. We prove the following in this paper:
Theorem 1.2. One has an equivalence
Dπsing(R)
∼= Db FukW ∗ (1.2)
of triangulated categories if W ∗ is a disconnected sum of polynomials of types A or D.
The proof is based on the study of the behavior of categories on both sides of (1.2)
under the addition of a polynomial of type D.
The organization of this paper is as follows: In Section 2, we compute the Fukaya
category of a Lefschetz fibration defined by a polynomial of type D. In Section 3, we
use induction to compute the Fukaya category of a disconnected sum of type A and
type D polynomials. The bounded stable derived category of the transpose of a type D
singularity is computed in Section 4, and the behavior of stable derived categories under
disconnected summation of polynomials is studied in Section 5. In Section 6, we discuss
a possible generalization of Conjecture 1.1 to the case with group actions when n = 2.
2 The Fukaya category of xn−1 + xy2
Let
f(x, y) = xn−1 + xy2 + y
be a perturbation of a polynomial of type Dn. The critical points of f are given by
xn = − 1
4(n− 1) ,
y = − 1
2x
,
2
with critical values
f(x, y) = − n
n− 1 ·
1
4x
.
Consider the diagram
C
2
C
2
C̟ ψ
Ψ = ψ ◦̟
where
̟(x, y) = (f(x, y), x)
and
ψ(y1, y2) = y1.
For general t ∈ C, the map
Et ̟t−→ St
from Et = Ψ−1(t) to St = ψ−1(t) is a double cover branching at
{x ∈ C | 4xn − 4tx− 1 = 0}.
Besides these branch points, the origin is a distinguished point with respect to the pro-
jection ̟t, since one of two points in the fiber ̟
−1
t (x) goes to infinity at x = 0.
Now choose a distinguished set of vanishing paths as the straight line segments from
the origin to critical values as shown in Figure 2.1. The trajectories of the branch points
of ̟t along these paths are shown in Figure 2.2, which are the images of the vanishing
cycles by ̟0. By the mutation of the distinguished set of vanishing paths as in Figure
2.3, one obtains the vanishing cycles shown in Figure 2.4. By continuing mutations, one
arrives at the distinguished set of vanishing paths shown in Figure 2.5. The images of the
corresponding vanishing cycles by ̟0 are shown in Figure 2.6.
Note that one can perturb C1 by a Hamiltonian diffeomorphism ψ : f
−1(0)→ f−1(0)
so that ψ(C1) does not intersect with C2. Now it is easy to see that there is a quasi-
equivalence
Db Fuk f
∼−→ DbmodΓ
from the derived Fukaya category of f to the derived category of finite-dimensional mod-
ules over the path algebra of the quiver
Γ =

v1
v3 v4 · · · vn
v2
 (2.1)
such that the vanishing cycle Ci is mapped to the simple module Si associated with the
i-th vertex vi for i = 1, . . . , n.
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Figure 2.1: A distinguished set of
vanishing paths
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Figure 2.2: The image of the van-
ishing cycles
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Figure 2.3: Vanishing paths after a mutation
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Figure 2.4: Corresponding vanishing cycles
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Figure 2.5: Vanishing paths after a sequence
of mutations
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Figure 2.6: Corresponding vanishing cycles
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3 The Fukaya category of xn−1 + xy2 + g(z)
Let
f(x, y) = xn−1 + xy2 + y
be a perturbation of a polynomial of type Dn and
g : Ck → C
be an exact symplectic Lefschetz fibration. Consider the diagram
C
k+2
C
2
C
̟ ψ
Ψ = ψ ◦̟
where
̟(x, y, z) = (f(x, y) + g(z), x)
and
ψ(y1, y2) = y1.
We write the critical points of f and g as
Crit f = {(xi, yi)}ni=1
and
Crit g = {zj}mj=1,
so that the set of critical points of Ψ is given by
Crit Ψ = Crit f × Crit g = {pij = (xi, yi, zj)}i,j
with critical values
Ψ(pij) = f(xi, yi) + g(zj).
Assume for simplicity that the set of critical values of g is the set of m-th roots of unity.
Figure 3.1 shows the critical values of f and g in the case n = 4 and m = 3, and Figure
3.2 shows the corresponding critical values of Ψ.
For general t ∈ C, the map
Et ̟t−→ St
from Et = Ψ−1(t) to St = ψ−1(t) is a Lefschetz fibration away from the origin, and a point
(t, x) ∈ St is a critical value of ̟t if there is a solution to the equations
∂f
∂x
(x, y) =
∂f
∂y
(x, y) =
∂g
∂z
(z) = 0,
f(x, y, z) = t.
This condition is equivalent to{
4xn − 4sx− 1 = 0, and
s = t− g(zj) for some j ∈ {1, . . . , m}.
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Figure 3.1: Critical values of f (outside) and
g (inside)
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Figure 3.2: Critical values of Ψ
If we write
D(s) = {x ∈ C | 4xn − 4sx− 1 = 0},
then the trajectory of D(t−Crit(g)) as t varies along a vanishing path is a matching path
corresponding to a vanishing cycle of Ψ. We choose a distinguished set (γij)ij of vanishing
paths as in Figure 3.3. The trajectories of t − Crit(g) are shown in Figure 3.4, and the
matching paths µij corresponding to vanishing cycles Cij are shown in Figure 3.5. Figure
3.6 is obtained from Figure 3.5 by distorting for better legibility.
Let Cj ⊂ g−1(0) be the vanishing cycle of g along the straight line segment from the
origin to g(zj), and choose a base point ∗ on the x-plane and a distinguished set (δij)
of vanishing paths for ̟0 as in Figure 3.7. Since f(x, y) is quadratic in the variable y,
the fiber ̟−10 (∗) is a suspension of g−1(0), and the vanishing cycle ∆i,j of ̟0 along δij
is a suspension of Cj. If write the Fukaya category of g
−1(0) consisting of {Cj}mj=1 and
its directed subcategory as B and A respectively, then the Fukaya category Bσn of ̟−10 (∗)
consisting of ∆i,j satisfies
homBσn(∆i,j,∆i′,j′) = homBσ(C
σ
j , C
σ
j′),
where (Bσ,Aσ) is the algebraic suspension of the pair (B,A) defined by Seidel [Sei]. Let
Sij = Cone(∆i+1,j → ∆i,j), i = 1, . . . , n, j = 1, . . . , m
be the object of Db(Aσn) defined as the cone over the morphism ei,j : ∆i+1,j → ∆i,j
corresponding to idCσj under the isomorphism
homAσn(∆i+1,j ,∆i,j) = homBσ(C
σ
j , C
σ
j ).
The following theorem gives a description of the A∞-structure on Cij for i 6= 2 in terms
of the Fukaya category of g−1(0):
Theorem 3.1 (Seidel [Sei08, Proposition 18.21]). There is a cohomologically full and
faithful functor from the Fukaya category of Ψ−1(0) consisting of vanishing cycles Cij for
i 6= 2 to DbAσn, such that C1j are mapped to S1j and Cij for i ≥ 3 are mapped to Si−1,j.
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Figure 3.3: A distinguished set (γij)ij of van-
ishing paths for Ψ
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Figure 3.4: Trajectories of t − Crit(g) along
the vanishing paths γij
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Figure 3.5: Matching paths on the x-plane
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Figure 3.6: Matching paths after distortion
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Figure 3.7: A distinguished set (δij)ij of van-
ishing paths for ̟0
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Figure 3.8: Another distinguished set (δ′ij)ij
of vanishing paths for ̟0
Note that this description is completely parallel to the case of type A singularities
given in [FU]. One can repeat the same argument using the distinguished set of vanishing
paths in Figure 3.8 to give an identical description of the A∞-structure on Cij for i 6= 1.
Moreover, since the vanishing cycles C1j and C2j can be obtained as iterated suspensions of
the vanishing cycles C1 and C2 in Section 2, one can choose a Hamiltonian diffeomorphism
ψ : Ψ−1(0)→ Ψ−1(0) satisfying ψ(C1j)∩C2j′ = ∅ for any j and j′. This shows that there
are no morphisms from C1j to C2j′ in the cohomology category of the Fukaya category of
Ψ.
Now one can follow the same argument as [FU, Section 3] to show that the Fukaya
category of a disconnected sum of polynomials of types A and D is quasi-equivalent to
the tensor product of the graded categories associated with individual polynomials; it
is straightforward to check this at the level of cohomology categories, and higher A∞-
operations vanish for degree reasons.
4 The stable derived category of xn−1y + y2
Let
W = xn−1y + y2.
be the transpose of a polynomial of type Dn. The abelian group
L = Z~x⊕ Z~y ⊕ Z~c/((n− 1)~x+ ~y − ~c, 2~y − ~c)
is isomorphic to Z, so that the coordinate ring
R = C[x, y]/(W )
is graded as
deg(x, y) = (1, n− 1).
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First recall the following:
Lemma 4.1 (Orlov [Orl05, Lemma 2.4]). There is a weak semiorthogonal decomposition
Db(grR≥0) = 〈P≥0, T0〉
where grR≥0 is the abelian category of N-graded R-modules, P≥0 is the subcategory of
Db(grR≥0) generated by R(i) for i ≤ 0, and T0 is equivalent to Dbsing(R).
Let m = (x, y) be the maximal ideal of the origin. For a graded R-module M , another
graded R-module obtained by shifting the degree ofM by a ∈ Z will be denoted byM(a);
M(a)ℓ =Ma+ℓ.
Lemma 4.2. The graded modules R/(y), R/(xn−1+ y) and R/m(i) for i = −n+3,−n+
4, . . . ,−1, 0 belong to T0.
Proof. The projective resolutions
· · · →
R(−2n + 1)
⊕
R(−3n + 3)

−y xn−2y
x y


−−−−−−−−−−→
R(−n)
⊕
R(−2n+ 2)

−y xn−2y
x y


−−−−−−−−−−→
R(−1)
⊕
R(−n + 1)
(
x y
)
−−−−−→ R→ R/m→ 0,
· · · → R(−2n+ 2) xn−1+y−−−−→ R(−n + 1) y−→ R→ R/(y)→ 0,
· · · → R(−2n+ 2) y−→ R(−n + 1) xn−1+y−−−−→ R→ R/(xn−1 + y)→ 0
show that
RHomDbmodR(R/m, R) ∼= R/m(−n + 2)[−1],
RHomDbmodR(R/(y), R) ∼= R/(xn−1 + y)(−n+ 1),
RHomDbmodR(R/(x
n−1 + y), R) ∼= R/(y)(−n+ 1).
It follows that
RHomDbgrR(R/(y), R(ℓ)) = 0, ℓ ≤ 0,
RHomDbgrR(R/(x
n−1 + y), R(ℓ)) = 0, ℓ ≤ 0,
RHomDbgrR(R/m(i), R(ℓ)) = 0, ℓ ≤ 0,
for i = −n+ 3,−n + 4, . . . ,−1, 0, and the lemma is proved.
Now we have the following:
Lemma 4.3. The graded modules R/(y), R/(xn−1+ y) and R/m(i) for i = −n+3,−n+
4, . . . ,−1, 0 generate Dbsing(R) as a triangulated category.
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Proof. The exact sequence
0→ R→ R/(y)⊕R/(xn−1 + y)→ R/(xn−1, y)→ 0
shows that the module R/(xn−1, y) can be obtained from R/(y) and R/(xn−1 + y) by
taking cones up to perfect complexes. Then the exact sequences
0 → R/m(−1) → R/(x2, y) → R/m → 0,
0 → R/m(−2) → R/(x3, y) → R/(x2, y) → 0,
...
0 → R/m(−n + 2) → R/(xn−1, y) → R/(xn−2, y) → 0,
show thatR/m(−n+2) can be obtained fromR/(y), R/(xn−1+y), R/m, . . . , R/m(−n+2),
and R/m(−n + 3) by taking cones up to perfect complexes. Now note that
0→ R/(y)(−1)→ R/(y)→ R/m→ 0
shows that R/(y)(−1) can be obtained from R/(y) and R/m, and R/(xn−1 + y)(−1) can
be obtained from R/(xn−1 + y) and R/m in the same way. Then by repeating the above
argument with degree shifted, one can obtain R/m(−n + 1), R/m(−n) and so on.
Now consider the exact sequences
0→ R(−1) x−→ R→ R/(x, y2)
and
0→ R/m(−n + 1)→ R/(x, y2)→ R/m→ 0.
These show that R/m(a + n − 1) can be obtained from R/m(a) by taking cones up to
perfect complexes.
Alternatively, one can use a result of Orlov [Orl05, Theorem 2.5] and the fact that R is
Gorenstein with the parameter 2−n, which gives the weak semiorthogonal decomposition
T0 = 〈R/m, R/m(−1), . . . , R/m(−n+ 3),Dn−2〉
where T0 is equivalent to Dbsing(R) and Dn−2 is equivalent to qgr(R). Although R/(y) and
R/(xn−1 + y) do not belong to Dn−2, suitable cones over R/(y), R/(xn−1 + y) and Mi for
i = −n + 3, . . . , 0 belongs to Dn−2, and these cones generate Dn−2 ∼= qgr(R).
By computing the Ext-groups between these generators, one can show the equivalence
Dbsing(R)
∼= DbmodΓ
with the derived category of finite-dimensional representations of the Dynkin quiver
Γ in (2.1), such that the graded modules R/(y), R/(xn−1 + y) and R/m(i) for i =
0,−1, . . . ,−n + 3 goes to the simple modules corresponding to the vertices v1, v2 and
v−i+3.
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5 The stable derived category of a disconnected sum
We discuss a graded analogue of a result of Dyckerhoff [Dyc, Theorem 5.1] in this section.
Let W be an invertible polynomial in S = C[x1, . . . , xn] graded by L. A graded matrix
factorization is an infinite sequence
K• = {· · · → Ki ki−→ Ki+1 ki+1−−→ Ki+2 → · · · }
of morphisms of L-graded free S-modules such that ki+1 ◦ ki = W and K•[2] = K•(~c). A
morphism between two graded matrix factorizations K• and H• is a family of morphisms
f i : Ki → H i of L-graded modules such that f i+2 = f i(~c). The composition and the
differential on morphisms are defined in just the same way as unbounded complexes of
L-graded modules. The homotopy category of the differential graded category mfLS(W )
of finitely-generated graded matrix factorizations is equivalent to the stable category of
graded maximal Cohen-Macaulay modules over R = S/(W ) by Eisenbud [Eis80], which in
turn is equivalent to the bounded stable derived category Dbsing(R) by Buchweitz [Buc87].
Recall that an object E in a triangulated category is a generator if Hom(E ,F [i]) = 0
for all i ∈ Z implies F ∼= 0. Let L ⊂ L be a representative of the finite abelian group
L/Z~c and m = (x1, . . . , xn) be the maximal ideal of S corresponding to the origin. Since
R has an isolated singularity at the origin, a result of Schoutens [Sch03], Murfet [KMVdB,
Proposition A.2], Orlov [Orl09, Proposition 2.7], or Dyckerhoff [Dyc, Corollary 4.3] shows
that the object
E =
⊕
ℓ∈L
R/m(ℓ)
is a generator of Dbsing(R).
The graded matrix factorization K• corresponding to R/m is given by
Ki =

⊕
j : even
ΩjS i is even,⊕
j : odd
ΩjS i is odd,
ki = ιη + γ ∧ ·
with a suitable grading, where
η =
∑
i
xi∂i
is the Euler vector field and γ is a one-form such that
W = γ(η).
Now assume that W is a disconnected sum of two invertible polynomials W1 ∈ S1 and
W2 ∈ S2, and L is the image of the product L1 × L2 of representatives L1 ⊂ L1 and
L2 ⊂ L2 by the natural projection
L1 ⊕ L2 → L = L1 ⊕ L2/(~c1 − ~c2).
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Then the matrix factorization K• forW is the tensor product of matrix factorizations K•1
and K•2 for W1 and W2;
Ki =
{
ΩevenS1 ⊗ ΩevenS2 ⊕ ΩoddS1 ⊗ ΩoddS2 i is even,
ΩevenS1 ⊗ ΩoddS2 ⊕ ΩoddS1 ⊗ ΩevenS2 i is odd,
ki = (ιη1 + γ1 ∧ ·) + (ιη2 + γ2 ∧ ·).
It follows that one has a quasi-isomorphism of differential graded algebras
hommodS(K
•, K•) ∼= hommodS1(K•1 , K•1)⊗ hommodS2(K•2 , K•2 ),
which induces a quasi-isomorphism
EndmfLS (W ) (E) ∼= EndmfL1S1 (W1) (E1)⊗ EndmfL2S2 (W2) (E2)
by passing to L-graded pieces. Since E is a compact generator of mfLS(W ), this shows
that the tensor product mfL1S1 (W1) ⊗ mfL2S2 (W2) of differential graded categories is quasi-
equivalent to mfLS(W ) up to direct summands.
6 Group actions and crepant resolutions
Let W be an invertible polynomial associated with an n × n matrix A = (aij)ij. The
abelian group L is the group of characters of K defined by
K = {(α1, . . . , αn) ∈ (C×)n | αa111 · · ·αa1nn = · · · = αan11 · · ·αannn }.
The group Gmax of maximal diagonal symmetries is defined as the kernel of the map
K → C×
∈ ∈
(α1, . . . , αn) 7→ αa111 · · ·αa1nn ,
so that there is an exact sequence
1→ Gmax → K → C× → 1.
This exact sequence induces an exact sequence
1→ Z→ L→ Gmax∨ → 1
of the corresponding character groups, where
Gmax
∨ = Hom(Gmax,C
×)
is non-canonically isomorphic to Gmax. If we write
A−1 =

ϕ
(1)
1 ϕ
(2)
1 · · · ϕ(n)1
ϕ
(1)
2 ϕ
(2)
2 · · · ϕ(n)2
...
...
. . .
...
ϕ
(1)
n ϕ
(2)
n · · · ϕ(n)n
 ,
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then the group Gmax is generated by
ρk =
(
exp
(
2π
√−1ϕ(k)1
)
, . . . , exp
(
2π
√−1ϕ(k)n
))
, k = 1, . . . , n.
Put
ϕi = ϕ
(1)
i + · · ·+ ϕ(n)i , i = 1, . . . , n
and define a homomorphism
ϕ : C× → K
by
ϕ(α) =
(
αℓϕ1 , . . . , αℓϕn
)
,
where ℓ is the smallest integer such that ℓϕi ∈ Z for i = 1, . . . , n. Then ϕ is injective and
one has an exact sequence
1→ C× ϕ−→ K → Gmax → 1,
where Gmax := cokerϕ. W is quasi-homogeneous of degree ℓ with respect to the Z-grading
deg xi = ℓϕi, i = 1, . . . , n.
The intersection Imϕ ∩G is generated by
J =
(
exp
(
2π
√−1ϕ1
)
, . . . , exp
(
2π
√−1ϕn
))
.
Let G be a subgroup of Gmax containing J and G = G/ 〈J〉 be its image in Gmax. The
inverse image of G by K → Gmax will be denoted by H , and we write the group of
characters of H as M . Let A∗ be the transpose matrix of A. The group G∗max of maximal
diagonal symmetries of W ∗ is generated by the column vectors ρi of (A
∗)−1 = (A−1)∗.
The transpose G∗ of the subgroup G ⊂ Gmax is defined by Krawitz [Kra] as
G∗ =

n∏
i=1
ρrii
∣∣∣∣∣∣∣
(
r1 · · · rn
)
A−1
a1...
an
 ∈ Z for all n∏
i=1
ρaii ∈ G
 .
The transposition mirror symmetry of Berglund and Hu¨bsch [BH93] states that the pairs
(W,G) and (W ∗, G∗) are mirror dual to each other. Homological mirror symmetry is
expected to take the form
Dbsing(R)
∼= Db FukG∗ W ∗
where R = C[x1, . . . , xn]/(W ) is an M-graded ring, although the “orbifold Fukaya cate-
gory” FukG
∗
W ∗ on the right hand side is not defined yet.
If W ∗ is a polynomial in two variables and G∗ ⊂ SL2(C), then the map
W ∗ : C2 → C
descends to the map
W
∗
: C2/G∗ → C,
which can be pulled-back to the crepant resolution π : Y → C2/G∗;
W˜ ∗ = W
∗ ◦ π : Y → C.
One can replace FukG
∗
W ∗ with the Fukaya category Fuk W˜ ∗ of a perturbation of W˜ ∗ and
formulate the following conjecture:
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Conjecture 6.1. If n = 2 and G∗ ⊂ SL2(C), then one has an equivalence
Dbsing(R)
∼= Db Fuk W˜ ∗
of triangulated categories.
As an example, consider the case when
W ∗(u, v) = u3v + v2
is the transpose of a polynomial of type D4 and G
∗ =
〈
1
2
(1, 1)
〉 ⊂ SL2(C) is a cyclic group
of order two generated by diag(−1,−1). The invariant ring C2[x, y]G∗ is generated by
x = u2,
y = v2,
z = uv
with the relation
xy = z2,
and W
∗
is given by
W
∗
= xz + y.
The minimal resolution of
S = C2/G = SpecC[x, y, z]/(xy − z2)
is obtained by a blow-up along the ideal (x, z) ⊂ C[x, y, z], which is covered by a chart
x = x1,
y = y,
z = x1z1,
with a local coordinate (x1, z1), and another chart
x = x2z2,
y = y,
z = z2,
with a local coordinate (x2, y). The map W˜
∗ is written as
W˜ ∗ = x21z1 + x1z
2
1
on the first chart where it has a D4-singularity at the origin, and as
W˜ ∗ = x32y
2 + y
on the second chart, where it does not have any critical point.
The transpose of
(
W ∗,
〈
1
2
(1, 1)
〉)
is given by
(
x3 + xy2,
〈
1
3
(1, 1)
〉)
, where
〈
1
3
(1, 1)
〉 ⊂
GL2(C) is the cyclic group of order three generated by diag(exp(2π
√−1/3), exp(2π√−1/3)).
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The corresponding abelian group M is isomorphic to Z, and the resulting grading of
R = C[x, y]/(x3 + xy2) is given by deg x = deg y = 1. One can show an equivalence
Dbsing(R)
∼= DbmodΓ
with the derived category of a Dynkin quiver Γ of type D4 just as in Section 4, and
Conjecture 6.1 holds in this case.
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